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Abstract

Landauer’s principle establishes a thermodynamic lower bound for physical processes that reduce the logical entropy of information-bearing degrees 
of freedom, but it does not assign a universal energy cost to every ϐloating-point operation, multiply–accumulate instruction, or transistor transition. 
This review develops a hierarchical framework for locating energy costs in neural computation while distinguishing three quantities that are frequently 
conϐlated: process-speciϐic thermodynamic lower bounds, Landauer-normalized reference ratios, and measured or modelled operational energy. The 
analysis synthesizes results from stochastic thermodynamics, ϐinite-time and quantum Landauer theory, thermodynamic control, mismatch cost, device 
physics, computer architecture, and full-stack AI serving. The resulting hierarchy separates logical entropy reduction, ϐinite-time corrections, quantum 
and strong-coupling effects, control costs, distribution-dependent mismatch, architectural and data-movement costs, and facility overhead. The literature 
supports rigorous bounds for speciϐied physical processes, but not a universal additive decomposition of the energy consumed by a large-language-
model query. An operational accounting analysis shows how accelerator throughput, utilization, host power, sequence length, memory trafϐic, and facility 
overhead determine query-level energy. Published full-stack studies place representative text-prompt energies in the sub-watt-hour range while revealing 
substantial variation across models and serving conditions. Contemporary dissipation is therefore dominated by implementation and systems choices long 
before fundamental erasure bounds become active constraints. The framework provides a consistent basis for evaluating emerging computing paradigms 
and designing energy-aware AI benchmarks.
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important component of that growth [1]. Within AI research, 
this development has motivated calls to report computational 
effi ciency alongside predictive performance [2,3], 
measurements of the power consumed by deployed models 
[4,5], and full-stack methods for estimating inference energy 
across model sizes and serving regimes [6,7].

The numerical value assigned to a “query” is not universal. 
It depends on the model and the number of active parameters, 
input and output lengths, batching, numerical precision, 
accelerator utilization, memory and communication traffi c, 
host-system power, idle capacity, and the energy overhead 
of the facility. Recent full-stack studies illustrate both the 
usefulness and the limits of a single representative number. A 

Abbreviations

AI: Artifi cial Intelligence; CMOS: Complementary Metal–
Oxide–Semiconductor; FLOP: Floating-Point Operation; LLM: 
Large Language Model; MAC: Multiply–Accumulate; PUE: 
Power-Usage Effectiveness.

In troduction

En ergy as a fi rst-class property of artifi cial intelligence

The energy required to train and serve artifi cial-intelligence 
systems has become a systems-level research problem rather 
than a secondary operational detail. Data-centre electricity 
demand is rising rapidly, and accelerated computing is an 
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production measurement of the Gemini serving stack reported 
a median energy of approximately 0.24 per text prompt, 
including accelerator, host, idle-capacity, and data-centre 
overhead [4]. A broader model-based study reported a sub-
watt-hour median for large-model inference together with 
a wide interquartile range across confi gurations [6]. Such 
values are informative descriptions of particular workload 
populations; they are not physical constants.

A different scale enters through Landauer’s principle. For an 
isothermal physical process that reduces the Shannon entropy 

of information-bearing degrees of freedom by 
1

erase
2

H  bits, 

the heat transferred to a bath at temperature T  obeys 

ln 2 .eraseL BbathQ E k T H                 (1)

For the ideal reset of one unbiased bit, = 1eraseH  and at 

= 300T . The principle constrains logical entropy reduction, 
not an arbitrary count of fl oating-point operations, multiply–
accumulates, instructions, or transistor transitions [8-11]. A 
computational operation may erase one bit, less than one bit, 
more than one bit, or no information at all, depending on its 
logical map, input distribution, physical representation, and 
implementation.

This qualifi cation is essential. Dividing an observed energy 

by ln 2Bk T  gives a useful dimensionless reference ratio, 

( ; ) ,L ln 2B

E
R E T

k T
                (2)

but is not, by itself, the number of erasures performed and does 
not measure the distance from a realizable lower bound for the 
workload. In this article, we therefore use the phrase Landauer-
normalized reference ratio whenever energy is normalized 
without a process-specifi c entropy audit. A genuine Landauer 
lower bound is reserved for cases in which the information-
bearing degrees of freedom are defi ned.

The concept ual problem

The literature needed to analyse neural-computation 
energy is distributed across several communities. Stochastic 
thermodynamics characterizes irreversible transformations, 
fl uctuation relations, and fi nite-time dissipation [12-14]. 
Geometric thermodynamics identifi es optimal protocols and 
thermodynamic length [15-17]. Finite-time Landauer results 
quantify the additional cost of rapidly erasing information 
under specifi ed dynamics [18,19]. Quantum and strong-
coupling extensions determine how coherence, correlations, 
and system–bath interactions modify those results [20-22]. 
Thermodynamic-computation theory studies the dependence 
of dissipation on input distributions, priors, and circuit 
realization [23-25]. Device and computer-architecture 
research, by contrast, measures energy in switching events, 
arithmetic operations, memory transfers, and complete 
workloads [26,27]. Finally, data-centre studies place chip 
energy inside the larger serving system [1,4].

These bodies of work use different system boundaries 
and units. A fi nite-time erasure inequality may apply to a 
controlled two-state memory. A device paper may report joules 
per MAC at a stated precision. An inference study may report 
joules per token or watt-hours per prompt. A facility study may 
report power-usage effectiveness. Combining such quantities 
without fi rst matching the physical process, normalization, 
and accounting boundary can produce apparently precise but 
physically invalid decompositions.

The central thesis of this review is therefore narrower and 
more defensible than the claim that every observed joule can 
be uniquely assigned to an independent thermodynamic level:

A hierarchy is useful only when it records the assumptions 
and system boundary of each contribution. Fundamental 
bounds, implementation losses, and facility multipliers must 
be compared within a common accounting unit, but they are 
not generally additive. 

Contribution s

The article makes four contributions.

First, it gives a self-contained review of Landauer’s 
principle and its fi nite-time, quantum, control-theoretic, 
and distribution-dependent extensions. Throughout, we 
distinguish a proved inequality from a device-level analogy or 
order-of-magnitude estimate.

Second, it introduces a seven-level framework, with the 
Landauer term labelled Level 0 and six subsequent levels:

[leftmargin=2.4em,itemsep=0.25em]

1. logical entropy reduction and the process-specifi c 
Landauer bound; 

2. fi nite-time corrections under an explicit stochastic 
dynamics; 

3. quantum, many-body, and strong-coupling corrections; 

4. energetic costs of control, measurement, and feedback; 

5. distribution-dependent mismatch between a physical 
implementation and its operating distribution; 

6. architectural realization, including arithmetic, memory, 
communication, conversion, and datafl ow; 

7. facility-scale power delivery and heat rejection. 

Levels 0–4 can yield lower bounds when a physical process 
and its assumptions are specifi ed. Level 5 is primarily a property 
of a realized architecture and workload. Level 6 changes the 
accounting boundary from chip to facility. The aggregation rule 
formalized in sec:synthesis:formal states the mathematically 
warranted relationship among compatible lower bounds; it 
does not assume that the levels sum to the operational energy.

Third, we connect the framework to AI practice through 
transparent operational accounting. Rather than deriving a 
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boundary. We discuss training only where it clarifi es the 
distinction between logical irreversibility and implementation 
cost; the quantitative example in sec:overhead:reconstruction 
concerns inference.

We use FLOP for one fl oating-point Arithmetic operation 
under the convention adopted by the cited hardware 
specifi cation. A fused multiply–add is commonly counted as 
two FLOPs. We use MAC only when the source explicitly reports 
multiply–accumulates. We do not convert either quantity into 
a number of erased bits without a model of the logical map and 
physical implementation.

The article is organized as follows. sec:landauer fi xes the 
thermodynamic notation. sec:fi nite-time, sec: quantum, sec: 
control review process-specifi c corrections and control costs. 
sec: architecture moves to realized computing architectures. 
sec: overhead establishes a full-stack accounting boundary. 
sec: synthesis formalizes the hierarchy and develops the open 
problems, and sec: conclusions summarizes implications for AI 
research.

Foundat ions: Landauer’s principle in mo-
dern stochastic thermodynamics

The purpose of this section is to fi x notation and to re-derive 
Landauer’s bound within the framework of modern stochastic 
thermodynamics. We emphasize at the outset that the modern 
derivation differs from the heuristic argument originally given 
by Landauer [10] in a signifi cant respect: Landauer’s bound 
is not, on this view, an independent principle but a particular 
asymptote of a much more general inequality that constrains 
dissipation in arbitrary non-equilibrium transformations. 
This reframing, established in the works of Esposito and Van 
den Broeck [28] and developed throughout the literature on 
stochastic thermodynamics [12-14], provides the foundation 
for Levels 0 and 1 of Fig. 1. Higher levels introduce additional 

query energy from a universal “bit-equivalent operation,” we 
express it in terms of measurable quantities such as active FLOPs 
or MACs, device energy per operation, utilization, memory 
traffi c, output length, host power, and facility overhead. The 
resulting equations show exactly where uncertainty enters and 
allow comparison with full-stack measurements [4,6].

Fourth, we use the framework to assess emerging 
computing paradigms. Reversible, neuromorphic, analogue 
in-memory, photonic, and thermodynamic computing attack 
different parts of the stack and therefore require different 
benchmarks. The comparison identifi es a set of open problems 
that are falsifi able and operationally relevant to AI researchers 
(Figure 1).

The seven levels distinguish physical constraints and 
accounting boundaries relevant to computational energy. Level 
0 represents logical entropy reduction and its process-specifi c 
Landauer bound. Levels 1–4 describe fi nite-time, quantum 
and strong-coupling, control, and distribution-dependent 
contributions that may provide process-specifi c constraints 
when their respective physical assumptions are defi ned. Level 
5 represents realized architectural energy associated with 
arithmetic, memory, communication, conversion, and data 
movement, whereas Level 6 extends the accounting boundary 
to facility-scale power delivery and heat rejection. The diagram 
is conceptual and intentionally unscaled. The levels do not 
constitute a universal additive decomposition of computational 
energy, and quantities belonging to different physical processes 
or system boundaries should not be compared numerically 
without explicit co-normalization.

Scope  and terminology

The review concerns operational energy during computation. 
Embodied emissions, water use, manufacturing, and electronic 
waste are important but outside its principal thermodynamic 

Figure 1: Hierarchical framework for thermodynamic and operational energy accounting.
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system boundaries and physical structures rather than arising 
from one single sequence of relaxed assumptions.

Informatio n-theoretic preliminaries

We work throughout with classical random variables; the 
quantum extension is deferred to sec. quantum. Let be a random 
variable taking values in a discrete alphabet with probability 
distribution ( )p x . Two information measures will recur.

Defi nition 2.1 (Shannon entropy)  The Shannon entropy of

X , in units of bits, is 

( ) ( ) ( ).log2H X p x p x
x



                (3)

The same quantity expressed in nats is 

nat ( ) = ( ) ln 2 = ( ) ln ( )H X H X p x p xx . 

Units and conversion convention: Throughout this review, 
Shannon entropy, mutual information, and relative entropy 
are dimensionless information-theoretic quantities. When 
natural logarithms are used, these quantities are expressed 
in nats; when base-2 logarithms are used, Shannon entropy 
is expressed in bits. The corresponding physical entropy is 
obtained by multiplication by Boltzmann’s constant, 

nat= = ln 2 ,B BphysS k H k H               (4)

and therefore has units of 
1JK . Multiplication of a 

dimensionless information quantity in nats by produces an 
energy scale in joules. Unless an explicit factor of or is shown, 
information-theoretic entropies and divergences in this article 
are dimensionless. 

Defi nition 2.2 (Relative entropy)  For two distributions ,p q  

on   with supp( ) supp( )p q , the Kullback–Leibler divergence 

(relative entropy) is 

  ( )
( ) ln 0,KL ( )

p x
D p q p x

x q x
 


                                (5)

with equality if and only if almost everywhere. 

The non-negativity of relative entropy is central to 
stochastic thermodynamics. For a discrete information-
bearing variable X , the entropy associated with uncertainty 
over its logical states is 

nat( ) = ( ) = ln 2 ( ).B BinfoS X k H X k H X                (6)

This is the informational contribution associated with 
the chosen coarse-graining, not necessarily the complete 
thermodynamic entropy of all microscopic degrees of freedom.

Remark 2.3  The logical variable, its physical representation, 
and the coarse-graining must be stated. Two descriptions of the 
same device can assign diff erent Shannon entropies while agreeing 
on the full thermodynamic state. We use only explicitly identifi ed 
information-bearing degrees of freedom and treat the remaining 
microscopic variables through the stochastic dynamics and reservoir 
[8,9,24]. 

Stochastic thermodynamic s framework

We consider a classical system whose state evolves in 
a phase space under stochastic dynamics in contact with a 
single thermal reservoir at temperature T T . The dynamics 
are controlled by an external parameter ( )t  (the “protocol”), 
through which the system Hamiltonian depends explicitly on 
time. Two classes of dynamics will be relevant in this review.

Overdamped Langevin dynamics: For a one-dimensional 
system with control potential ( ; )V x   and mobility , the 
overdamped Langevin equation 

d = ( ; ( ))d 2 d , = ,Bx Vx x t t D W D k Tt                (7)

where Wt  is a standard Wiener process and the diffusion 

coeffi cient D obeys the Einstein relation, generates the 
dynamics of the probability density ( , )x t  via the Fokker–
Planck equation 

 = [2] = ,t x Vx D x jx                      (8)

with probability current ( , ) = ( )j x t V Dx x      . 
eq:langevin, eq:fokker-planck are the standard setting in 
which Landauer’s bound has been verifi ed experimentally 
[29,30] and theoretically refi ned [17,18,31].

Markovian master equations: For a system with discrete 
state space {1, , }N  and time-dependent transition rates 

( ( ))W tij   from state j to state i, the master equation 

d
= ( ( )) ( ) ( ( )) ( )

d

pi W t p t W t p tij j ji ij it
  


                  (9)

governs the evolution of the occupation probabilities ( )ip t . 
Detailed balance with respect to the instantaneous Boltzmann 

distribution 
eq ( ) exp[ ( )]p Ei i    , where = 1 / ( )Bk T , 

requires 

 ( )
= exp [ ( ) ( )] .

( )

Wij
E Ei jWji


  


               (10)

Trajestochastic thermodynamics: A central insight of 
stochastic thermodynamics [13,14] is that work, heat, and 
entropy can be defi ned consistently along individual stochastic 

trajectories { ( )}[0, ] [0, ]t t x x , not merely as ensemble 

averages. For a trajectory of duration  , the trajectory work is 

[ ] = ( ) ( ( ); ( ))d ,0[0, ]W t H t t t   x x                (11)

the change in internal energy is 

= ( ( ); ( )) ( (0); (0))U H H    x x , and the heat absorbed 

from the bath is fi xed by the fi rst law: 

[ ] = [ ].[0, ] [0, ]Q U W  x x                 (12)

The total entropy production along the trajectory combines 
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the system entropy change with the bath entropy change 

= /baths Q T  . Averaging over an ensemble of trajectories 

generated under a fi xed protocol yields the central inequality 

0,                   (13)

which is the second law of thermodynamics in its stochastic 
form. We shall not redevelop here the trajectory-level 
fl uctuation theorems (Crooks, Jarzynski, Seifert) underlying 
eq. (13); the reader is referred to the canonical reviews of Seifert 
[13] and Jarzynski [12], and to the pedagogical synthesis of Van 
den Broeck and Esposito [14].

Landauer’s bound as quasi-static asymptote

We now  derive Landauer’s bound from the framework just 
established. The derivation we present follows the strategy 
of Esposito and Van den Broeck [28], in which the Landauer 
bound emerges as a special case of a more general inequality 
relating dissipated work to relative entropy. This derivation is 
conceptually superior to the heuristic original [10] because it 
makes explicit the two conditions under which the bound is 
saturated, both of which will be relaxed in subsequent sections.

Setup: Consider a system with a control parameter that 
takes the value at and at =t  . Let denote the actual non-
equilibrium probability density at time t , and let denote the 
instantaneous equilibrium distribution for control value
. We do not assume that or coincide with their respective 
equilibrium distributions.

Non-equilibrium free energy: Defi ne the non-equilibrium 
free energy associated with the actual distribution ( , )t x  at 
protocol value ( )t  as 

Sh[ ; ] ( ; ) [ ],BH k T S     x               (14)

where is the differential Shannon entropy of   (in nats). 
This functional has the following key property, valid for any 

normalized  : 

 eq eq[ ; ] ( ) = ( ; ) 0,B KLF k T D                       (15)

where is the equilibrium free energy. The decomposition (15) 
expresses the non-equilibrium free energy as the equilibrium 
free energy plus a strictly non-negative “information cost” 
that quantifi es the deviation from equilibrium.

Esposito–Van den Broeck inequality: For the Markovian 
dynamics of eq:langevin, eq: master, one can show [28] that 
the average work performed on the system over the protocol 
obeys 

[ ; ] [ ; ],W i if f                        (16)

where and are the actual initial and fi nal distributions. (Eq. (2) 
of Ref. [28], in our sign convention) eq:esposito-vdbroeck is 
more general than the standard second law in two respects: 
fi rst, it does not assume that or are equilibrium distributions; 

second, the right-hand side is the difference of non-equilibrium 
free energies. Equality holds in the quasi-static limit when 
the system tracks instantaneous equilibrium throughout 

eq( , ) ( ; ( ))t t  x x .

Heat convention and the general inequality: We use one 

sign convention throughout: > 0sysQ  denotes heat absorbed 
by the system and denotes heat delivered to the bath. The fi rst 
law is therefore 

= , = .sys bathU W Q Q W U                   (17)

Work, dissipated work, excess work, and heat: These 
quantities should not be identifi ed without specifying the 
thermodynamic conditions. We defi ne the dissipated work 
relative to the appropriate non-equilibrium free-energy 
difference as 

= ,dissW W   

whereas, with the heat convention adopted above, 

= .bathQ W U     

Therefore, dissipated work and heat delivered to the 
bath are not generally identical. Their identifi cation requires 
additional endpoint or cyclic conditions. Likewise, “excess 
work” in a slow-driving expansion denotes the work above the 
quasistatic reference process; its identifi cation with dissipated 
work is approximation-dependent and does not imply a general 
identifi cation with heat.

Combining eq:esposito-vdbroeck with the defi nition of 
non-equilibrium free energy gives 

=bathQ W U      

Sh= ,BU k T S                     (18)

where is measured in nats. No additional relative-entropy 
term should be added to eq:heat-bound-general: such terms 
are already contained in eq:noneq-free-energy-decomp. 
Expanding the endpoint free energies into equilibrium and 
relative-entropy components is an alternative representation 
of the same inequality, not an additional correction.

If the information-bearing degrees of freedom lose 

 H = H - H 0erase i f  bits, then 

ln 2 .eraseBbathQ k T H                  (19)

For the reset of one unbiased bit, = 1eraseH  and 

ln 2.BbathQ k T                 (20)

Theorem 2.4 (Landauer bound for a specifi ed entropy 
reduction)  Consider information-bearing degrees of freedom 
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coupled to a heat bath at temperatureT . Assume that the dynamics 
admit the non-equilibrium free-energy inequality (16), that the 
informational entropy is the entropy term entering the chosen 
coarse-grained free energy, and that all other entropy changes are 
either fi xed or included explicitly. If the Shannon entropy decreases 

from Hi  to H f  bits, then the average heat delivered to the bath 
obeys 

ln 2( ).BbathQ k T H Hi f                 (21)

A reversible isothermal protocol provides the saturation 
limit under the standard equilibrium assumptions. Finite-time 
operation, restricted control, strong coupling, correlations, or 
additional controller degrees of freedom can prevent saturation 
and introduce further costs. 

Remark 2.5 (What the theorem does not say)  thm:landauer 
does not assign to each instruction, FLOP, MAC, gate evaluation, or 
transistor transition. Its right-hand side is determined by the entropy 
reduction of the specifi ed information-bearing degrees of freedom. 
Applying the theorem to a complete AI workload therefore requires 
a logical and physical accounting of erasure, not only an operation 
count. 

Remark 2.6 (Trajectory-level fl uctuations)  The result 
concerns ensemble averages. Individual stochastic trajectories may 
dissipate less than the average bound, or may transiently absorb 
heat from the bath, without violating the fl uctuation theorems 
[29,12,13,29]. 

Information erasure and the bistable potential

The canonical physical realiza tion of single-bit erasure 
[9,10,29] is the bistable potential, in which a single particle 
(colloidal, atomic, magnetic) occupies one of two metastable 
wells separated by an energy barrier. The two wells encode the 
logical states1; the bit is erased by a protocol that lowers the 
barrier and tilts the potential toward the target well, returning 
the system to a confi guration where the particle has a high 
probability of being in the target well regardless of its initial 
location.

A useful explicit form for theoretical analysis is 

22

( ; ) = 1 ( ) ,0
0 0

x x
V x V f

x x
  

    
   

              (22)

where is the barrier height in the symmetric confi guration, 

0x  sets the well separation, and is the time-dependent tilting 
force that drives erasure. The protocol typically combines a 

phase of barrier lowering ( )0 0V V V     —with a tilt that 

biases the dynamics toward the target well. For suffi ciently 
slow protocols and suffi ciently low residual error (probability 
of remaining in the source well), the dissipated heat saturates 
in the limit    [29,30] (Figure 2).

Three schematic snapshots of the canonical erasure 

protocol implementing the mapping = 1bit 0bitH H  . 

(a) Initial state = 0t : a symmetric bistable potential with two 
metastable wells representing logical states “0” and “1”. The 

corresponding distribution ( , 0)x  (orange, offset below) has 
approximately equal weight in the two wells, giving a bit. (b) 
Mid-protocol = / 2t  : the barrier has been lowered and a tilt 
applied toward the target state. The probability distribution 
progressively concentrates in the target well, so that the 
logical entropy lies in the intermediate range bit. No particular 
numerical value of the intermediate entropy is implied by the 
schematic. (c) Final state =t  : the distribution is strongly 
localized in the target well, corresponding ideally to the bit. 
In the quasistatic, low-error limit, the mean heat dissipated to 
the bath approaches the Landauer value for complete one-bit 
erasure (thm:landauer). The potential profi les and probability 
distributions are illustrative and are not numerical solutions of 
a specifi ed protocol.

fi g: bistable illustrates the canonical erasure protocol in three 
representative snapshots: the initial symmetric confi guration, 
an intermediate state in which both the barrier and a tilt force 
are applied, and the fi nal single-well confi guration in which 
the bit has been reset.

The bistable potential will recur throughout this review 
as the canonical theoretical and experimental testbed: in 
sec:fi nite-time for the analysis of fi nite-time corrections, in 
sec:control:cd for the analysis of counterdiabatic protocols, and 
in sec:architecture:cmos as the conceptual model underlying 
CMOS gate dynamics.

Generalizations: Feedback, multiple reservoirs, partial 
erasure

For completeness, we rec ord three generalizations of 
thm:landauer that will be invoked at later points in the review.

Feedback control: When the protocol depends on a 
measurement outcome performed on the system at some 
intermediate time, the bound (21) is modifi ed by a term 
proportional to the mutual information acquired by the 
measurement [32,33]. The generalized inequality 

( ; )BW F k T I X M                  (23)

permits work extraction below the Landauer cost when 
feedback control provides effective “negative entropy” from 
measurement, but only at the price of accounting for the 
thermodynamic cost of the measurement itself. We return to 
this point in sec:control:feedback.

Partial erasure:  eq:landauer-thm continues to apply for 
protocols that reduce by less than one bit; the right-hand 

side is simply scaled by | |H [34]. This generalization 

is relevant for neural-network operations such as soft 
thresholding and probabilistic readout, which we discuss in 
sec:architecture:neural.

Multiple reservoirs: For systems coupled to multiple 
thermal reservoirs at different temperatures, the bound (21) 
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generalizes to a sum of reservoir-specifi c contributions 
weighted by the corresponding heat fl ows [13,28]. We do not 
develop this case in detail, but it is conceptually relevant to the 
analysis of heat rejection in Sec. Overhead.

Experimental verifi cations: an interpretive synthesis

The experimental verifi cation of Lan dauer’s bound has 
progressed in roughly three waves over the past decade 
and a half. We summarize them here not in chronological 
exhaustiveness—for which the reader is referred to the 
surveys of Bormashenko [11,12]—but in a way that anticipates 
the theoretical structure of the hierarchy to be developed in 
subsequent sections.

First wave: classical single-particle confi rmations: The 
fi rst direct experimental confi rmation of Landauer’s bound 
was reported by Bérut et al. [29], who realized a single-bit 
memory using a colloidal particle ( 2 silica beads) trapped in 
a double-well optical potential and immersed in water at room 
temperature. The dissipated heat in the long-protocol limit 

was observed to saturate at the predicted value B ln 2k T , with 
fi nite-time deviations consistent with the scaling predicted by 
stochastic thermodynamics. The companion experiment of Jun, 
Gavrilov, and Bechhoefer [35][30] achieved substantially higher 
precision using virtual double-well potentials implemented 
through feedback traps, and provided the fi rst quantitative test 
of the fi nite-time correction.

The interpretive signifi cance of these experiments goes 
beyond the confi rmation of the asymptotic bound. Both 
experiments simultaneously verifi ed the form of the leading 
fi nite-time correction predicted by the optimal-protocol 
analysis of Aurell et al. [15,16], foreshadowing the “tight” 
bound of sec:fi nite-time [18]. In our hierarchical framework, 
the fi rst wave of experiments thus simultaneously probed 
levels (i) and (ii) of the hierarchy.

Second wave: solid-state and atomic platforms: The 
colloidal experiments were followed by tests on more device-

relevant platforms. Hong et al. [31] measured the dissipation in 
single-bit operations on nanomagnetic memory bits, verifying 
the Landauer bound to within experimental uncertainty in a 
context where the information-bearing degree of freedom is a 
collective magnetization rather than a single particle position. 
Single-electron [32] and single-atom [33] realizations have 
similarly extended the empirical scope of thm:landauer into 
regimes of practical relevance for solid-state memories. The 
convergence of these results across radically different physical 
substrates—colloidal, magnetic, electronic, atomic—is itself 
an experimental confi rmation of Landauer’s claim that the 
bound is independent of the device implementation [34].

Third wave: quantum many-body regime: The most recent 
and conceptually distinctive experimental result is the work 
of Aimet, Tajik et al. [35], which probes Landauer’s principle 
in a genuinely many-body quantum system: a quasi-one-
dimensional Bose gas undergoing a global mass quench from a 
massive to a massless Klein–Gordon model.

The methodological advance is not a calorimetric inference 
of entropy from dissipated heat. Instead, the experiment 
employs dynamical tomography of measured fi eld correlations 
to reconstruct the covariance matrix of the quantum fi eld. 
From these reconstructed covariance matrices, the relevant 
information-theoretic quantities, including system entropy, 
mutual information, and relative-entropy contributions, are 
evaluated.

This setting also goes beyond the special case of an initially 
uncorrelated system and thermal environment. For the 
experimentally considered system–environment partitions, 
initial correlations and deviations of the environment from 
the reference thermal state must be included explicitly in the 
generalized entropy-production balance. We return to this 
generalized formulation and its experimental interpretation in 
Sec. 4.4 (Figure 3).

Selected experimental milestones are organized 
chronologically and by physical platform, from colloidal 

Figure 2: Information erasure protocol on a bistable potential (schematic representation).
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and solid-state realizations to single-atom and many-
body quantum systems. The three brackets indicate broad 
experimental waves and are intended only as a conceptual 
classifi cation. Vertical placement denotes experimental 
class rather than the magnitude of dissipation. The 
experiments employ different physical systems, observables, 
system boundaries, and formulations of Landauer-type 
thermodynamic relations and therefore should not be 
interpreted as a quantitative comparison on a common energy 
scale. In particular, the many-body experiment of Aimet, Tajik 
et al. [35] evaluates a generalized entropy-production balance 
involving energetic, mutual-information, and relative-entropy 
contributions reconstructed from dynamical tomography of 
fi eld correlations.

Synthesis: Fig. experiments summarizes the experimental 
landscape developed above. Across these platforms, the 
reported results are broadly consistent with the thermodynamic 
predictions applicable to their respective protocols and 
operating regimes. Quasistatic erasure experiments approach 
the Landauer scale, whereas fi nite-time, feedback-controlled, 
quantum, and many-body implementations probe different 
corrections and generalizations of the principle. Taken 
together, the experimental literature supports the central 
conceptual claim of this review: Landauer’s bound is a process-
specifi c asymptotic limit embedded within a broader hierarchy 
of thermodynamic constraints, rather than a universal energy 
cost assigned to every computational operation.

Notation summary and accounting conventions

The following distinctions are used throughout:

[leftmargin =2.2em,itemsep sysQ : heat absorbed by the 

system; = sysbathQ Q : heat delivered to the bath. 

( )H X : Shannon entropy in bits; Sh = ln 2S H  is the 

corresponding dimensionless entropy in nats; Sh
phys B=S k S  

is the corresponding physical entropy in 
1JK . 

= 0eraseH H Hi f   : logical entropy reduction for a 

specifi ed physical process. 

= ln 2 eraseL BE k T H : the process-specifi c Landauer 

lower bound. 

( ; ) = / ( ln 2)L BR E T E k T : a dimensionless reference 

normalization. Unless has been identifi ed, LR  is not a count of 

erasures and is not a workload-specifi c lower bound. 

= 0dissW W     : dissipated work relative to the non-

equilibrium free-energy difference. 

 : protocol duration; ( )t : externally controlled protocol. 

For a one-bit erasure, it is useful to defi ne the fi nite-time 
excess 

( ) ln 2,excess BbathQ Q k T                   (24)

but this defi nition is not transferred automatically to arbitrary 
computer operations. In Sec. Architecture and sec: overhead 
we therefore switch to operational metrics such as joules per 
FLOP, joules per token, and watt-hours per prompt.

Finite-Time cor rections in classical sto-
chastic thermodynamics

For the one-bit erasure process of thm:landauer, fi nite-
duration operation generally produces a positive excess as 
defi ned in eq:fi nite-time-excess. This section reviews two 
complementary descriptions: the slow-driving geometry of 
thermodynamic length [15-17] and the activity-based tight 
bound of Lee, Lee, Kwon, and Park [18]. Both results apply to 
specifi ed stochastic dynamics. They should not be converted 
into a numerical correction for a processor without a device 
model.

Figure 3: Experimental platforms investigating Landauer’s principle (2012–2025).



114

https://www.engineegroup.us/journals/trends-in-computer-science-and-information-technology

Citation: Montenegro ED. The Thermodynamic Cost of Neural Computation: From Landauer’s Bound to the Energetic Gap of Artificial Intelligence. Trends Comput 
Sci Inf Technol. 2026;11(3):106-134. Available from: https://dx.doi.org/10.17352/tcsit.000116

The leading-ord er correction: 1 /  1/tau scaling and 
thermodynamic geometry

The earliest characterization of at fi nite operation time 
emerged not from the analysis of erasure protocols specifi cally, 
but from the more general question of how to minimize 
dissipation along a prescribed transformation between two 

control values f . The answer, developed independently by 

Schmiedl and Seifert [37], by Aurell and collaborators [15,16], 
and by Sivak and Crooks [17], takes the form of a geometric 
structure on the space of control parameters, in which optimal 
protocols are geodesics and the minimum dissipation is 
determined by the geodesic length.

Excess work and the friction tensor: Following the linear-
response analysis of Sivak and Crooks [17], consider a system 
whose Hamiltonian depends on a vector of control parameters 

1= ( , , )K  . Within the slow-driving, near-equilibrium 

linear-response approximation, in which the control 
parameters vary slowly compared with the relevant relaxation 
times, the leading excess power above the quasistatic reference 
process takes the quadratic form 

( ) = ( ) ( ( )) ( ),ex
jiP t t t tij                   (25)

where Einstein’s summation convention applies, and the friction 

tensor ( )ij   is given by the time integral of the equilibrium 

covariance of the conjugate forces, 

( ) = d (0) ( ) , ,0
it f f t f Hij i j i                      (26)

with and the average taken in the equilibrium ensemble at 

fi xed  . This is Eqs. (7)–(8) of Ref. [17], in our notation.

The friction tensor is positive semidefi nite by construction 
and induces a Riemannian metric on the manifold of control 
parameters. Integrating eq. excess-power over the protocol 
duration yields the leading excess work. Within the slow-
driving linear-response approximation, this quantity 
represents the leading dissipative correction relative to the 
quasistatic reference process: (Figure 4).

= ( )d = d .ex0 0diss
jiW P t t tij

                       (27)

(a) Conceptual illustration of two protocols connecting the 
same initial and fi nal control points on a parameter manifold 
with spatially varying thermodynamic friction. A direct path 
may traverse a region of higher friction, whereas the minimum-
dissipation geodesic associated with a specifi ed friction tensor 
can follow a different trajectory. (b) Schematic cumulative 
excess-work profi les illustrating that protocols traversed at 
different metric speeds can accumulate different amounts of 
dissipation. The background friction landscape, trajectories, 
and cumulative-work curves shown here are illustrative and 
are not obtained from a specifi ed physical friction tensor or 
from a numerical optimization. No quantitative dissipation 
ratio or device-specifi c prediction should be inferred from the 

fi gure. The rigorous result discussed in the text is the slow-
driving bound under the assumptions stated in Sec. 3.1.

Optimal protocols are geodesics: The minimization of eq. 
Wdiss, integrated over all protocols connecting and in time, 
is, by the Cauchy–Schwarz inequality applied to the metric 

defi ned by ij , a geodesic problem on the Riemannian manifold 

( , )  [17]. The minimum dissipated work is bounded below 
by 

2 , d d ,diss
jf iW iji

       

              (28)

where is the thermodynamic length of the protocol. Equality 
is achieved when the protocol traverses the geodesic at constant 
rate, accumulating excess work at a constant power [17]. Fig. 
1 provides a schematic illustration of this geometric structure. 
For a specifi ed friction tensor, the minimum-dissipation 
protocol is the corresponding geodesic traversed at constant 
metric speed. A direct path through control space need not 
minimize thermodynamic length, because different regions of 
the control manifold may carry different friction. The fi gure 
is intentionally qualitative and does not represent a numerical 
optimization or a device-specifi c friction landscape. 

Application to single-bit erasure: Specializing eq. (thermo-
length-bound to the bistable potential of eq. (bistable, with the 
control parameter representing barrier height and tilt, gives a 
quantitative form of the leading correction. For an overdamped 
Langevin system with mobility   executing the canonical 
erasure protocol, the dissipated work obeys 

( )
ln 2 as ,B

C
W k T 


     


           (29)

where is a constant determined by the geometry of the protocol 
and is bounded below by for the geodesic protocol. [16,17] The 
scaling of eq. 1-over-tau is the classical signature of the leading 
fi nite-time correction, and was observed experimentally 
already in the fi rst generation of Landauer verifi cations [29,33].

Connection to overdamped optimal transport: A distinct 
but related fi nite-time result arises for overdamped Langevin 
dynamics when the initial and fi nal probability distributions are 
prescribed, and the optimization is performed over admissible 
transport protocols. Under these assumptions, Aurell et al. 
[15,16] showed that 

The minimum dissipation for a transformation i f   
completed in time   can be written as 

2( , )2
= ,diss min

i f
W

 


 


                         (30)

where is the Wasserstein distance between the initial and fi nal 
probability distributions and is the mobility. The corresponding 
optimal transport is described by displacement interpolation in 
probability-distribution space [38].

This overdamped optimal-transport result should be 
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distinguished from the Sivak–Crooks thermodynamic-
length construction. The latter is a slow-driving, near-
equilibrium linear-response result formulated on the manifold 
of externally controlled parameters through the friction 
tensor, whereas the optimal-transport result is formulated 
for overdamped probability dynamics between prescribed 
endpoint distributions. The two geometric descriptions are 
related under appropriate dynamical assumptions, but they 
should not be identifi ed without an explicit mapping between 
the Wasserstein metric and the control-space friction metric 
[39].

Status of the geometric framework: The thermodynamic-
geometry approach has matured into a complete and 
predictively useful theory of leading-order fi nite-time 
dissipation [17,40,41,]. For protocols that do not stray far from 
quasi-equilibrium, the predictions of Eq. Wdiss-integrated, 
eq:wasserstein-bound are in quantitative agreement with 
experiment, including the precision tests of Jun et al. [30] and 
the more recent quantum-dot realization of Scandi et al. [42], 
which directly verifi ed the thermodynamic-length scaling in a 
mesoscopic erasure protocol.

The tight bound in the highly irrev ersible regime

The thermodynamic-length result is a slow-driving 
expansion. A complementary bound, valid for Markov jump 
processes beyond the linear-response regime, was derived by 
Lee, Lee, Kwon, and Park [18]. For a discrete process, let 

1
( ) (0)

2
p pn nn

                 (31)

be the total-variation distance between the endpoint 
distributions, and let 

d ( ) ( )tot 0A t R t p tnm mn m
 


             (32)

be the time-integrated dynamical activity. The ratio measures 
the average net distributional change per jump.

For perfect erasure of an initially unbiased two-state 
memory, the symmetric-relative-entropy result of Lee et al. 
gives 

1bath ln 2 ( ).tanh
B

Q
v

k T

                   (33)

The factor is explicit in eq. ( LLKP-bound; the source uses 
units with = 1Bk . The fi nite-time excess is therefore 

1excess ( ).tanh
B

Q
v

k T
                              (34)

For 1v , 

131( ) = ( ), = forperfectone biterasure,tanh
2

v v v v
A 

  
 

  
                  (35)

where = /totA A   . In the opposite limit, 

1 11( ) = ln(1 ) ln 2 (1),tanh
2 2

v v o                  (36)

so the correction diverges as the process approaches the 
speed-limit boundary.

Theorem 3.1 (Tight fi nite-time erasure bound)  Under the 
Markov jump-process assumptions of [18], perfect erasure of an 
initially unbiased two-state memory obeys eq. LLKP-bound. The 
result is tight for the optimal dynamics identifi ed in that work. 

Figure 4: Thermodynamic geometry of fi nite-time control (schematic).
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Remark 3.2 (Restricted domain of application)  thm: LLKP 
constrains a specifi ed two-state erasure dynamics. Applying it to 
CMOS, a neural-network layer, or an LLM query requires a coarse-
grained Markov model from which it can be calculated or measured. 
Clock period alone does not determine it v , and a numerical value 
should not be assigned without such a model. 

Related developments

The geometric and tight- bound frameworks reviewed above 
are the two principal threads of recent work on fi nite-time 
Landauer bounds, but they do not exhaust the literature. We 
briefl y note three further developments that will be relevant in 
subsequent sections.

Quantum extensions: Van Vu and Saito [22] extended 
the fi nite-time Landauer bound to the quantum regime by 
establishing a quantum classical speed limit; their result, 
which incorporates quantum coherence as an additional 
source of dissipation, will be developed in sec:quantum. Earlier 
work by Zhen, Egloff, Modi, and Dahlsten [43] established 

the universality of the 1/  scaling across a wide class of 
quantum processes, providing the conceptual bridge between 
the classical and quantum geometric frameworks.

Bit-erasure with fi nite error tolerance: Practical 
computing operates not at vanishing erasure error but at a 
fi nite, controlled error rate . Ma, Chen, Sun, and Dong [44] 
derived the minimum energetic cost of bit erasure as a function 
of erasure error , fi nding that even small fi nite errors can 
substantially relax the cost of fast erasure. The trade-off 
between energy cost and erasure error—between dissipation 
and computational fi delity—is a structural feature of the 
hierarchy and will reappear prominently in our discussion of 
architectural cost (sec:architecture:neural).

Generalized Landauer bounds: Several authors have 
proposed generalizations of the Landauer bound that extend its 
scope to settings beyond simple erasure: absolutely irreversible 
dynamics [45], multi-partite systems with structured 
correlations [46], and fi nite-size baths with explicit quantum 
corrections [47]. These generalizations are not in tension with 
the framework of this section; they refi ne the bound in specifi c 
physical scenarios that depart from the canonical single-bit 
single-bath setting.

Implications for computing hardware

Finite-time re sults provide an important warning against 
treating it as an engineering target that can be approached 
independently of speed and reliability. They do not, however, 
determine the fi nite-time cost of a modern logic gate from its 
clock rate alone. The relevant relaxation time, controlled state 
space, transition activity, error criterion, and thermodynamic 
boundary must all be specifi ed.

For conventional digital hardware, the experimentally 
observed energy per operation is many orders of magnitude 

larger than B ln 2k T . In that regime, a fi nite-time erasure 

correction of a few would be numerically hidden inside 
device and architectural costs. This observation should not 
be interpreted as a quantitative estimate of Level 1 for a GPU. 
It means only that fi nite-time bounds become operationally 
binding after higher-level implementation losses have been 
reduced suffi ciently.

The appropriate research programme is therefore empirical 
and model-specifi c:

1. [leftmargin=2.2em,itemsep=0.25identify the 
information-bearing degrees of freedom of a device; 

2. infer or measure a stochastic transition model; 

estimate  , totA , and the erasure error; 

compare the measured heat with both eq:thermo-length-
bound, eq:LLKP-bound; and 

report which energy used by drivers, clocks, sensing, and 
control lies outside the modelled subsystem. 

Without these steps, fi nite-time theory should be presented 
as a process-specifi c lower-bound framework rather than as a 
numerical contribution to the energy of an AI workload.

Quantum and stron g-coupling corrections

The classical fi nite-time framework reviewed in sec:fi nite-
time rests on two structural assumptions that are increasingly 
diffi cult to maintain as one descends to the device scales 
relevant for modern computation: that the information-
bearing degree of freedom can be treated classically, and that 
its coupling to the surrounding bath is weak. At the dimensions 
and temperatures characteristic of contemporary nanoscale 
devices—transistors of 23 gate length, single-electron 
transistors, superconducting qubits, nanomagnetic memories 
operating in the few- Bk T  regime—both assumptions become 
problematic. Quantum coherence enters non-trivially into the 
dynamics; system–bath coupling can be of the same order 
as internal energy scales; and the Markovian approximation, 
which underpins the classical bound, fails generically.

This section reviews the corrections to Landauer’s bound 
that arise from relaxing these assumptions. We organize the 
discussion around three contemporary results that, taken 
together, defi ne the current state of the art at this level of the 
hierarchy: the quantum fi nite-time bound of Van Vu and Saito 
[22], which identifi es quantum coherence as an additional 
source of dissipation within the weak-coupling Lindblad 
framework; the geometric framework of Rolandi and Perarnau-
Llobet [21] for fi nite-time erasure beyond weak coupling, where 
strong coupling and non-Markovianity are treated exactly for 
a fermionic mode; and the recent many-body verifi cation of 
Aimet, Tajik et al. [35], which provides the fi rst experimental 
access to Landauer’s principle in a regime where the system 
is genuinely a quantum fi eld. We close with a discussion of 
the implications for the energetic gap and a comparative 
positioning against the recent review of Chattopadhyay et al. 
[48] on the same topic.
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Quantum stochastic ther modynamics: framework and 
conventions

A complete development of quantum stochastic 
thermodynamics is beyond the scope of this review; the 
canonical references are the topical survey of Goold et al. 
[20], the introduction of Vinjanampathy and Anders [49], the 
systematic treatment in the volume edited by Binder et al. [50], 
and the recent review of irreversible entropy production by 
Landi and Paternostro [51]. We record here only the elements 
needed for our purposes, with explicit choices of notation and 
convention.

Open system in weak coupling: For a quantum system S 

with Hamiltonian ( )H tS , weakly coupled to a thermal bath B 

at inverse temperature  , the reduced density matrix ( )tS  

evolves under a Lindblad master equation, 

d
= [ ( ), ] [ ],

d

iS H t tS S St


   


             (37)

where t  is the dissipator constructed from the bath 
correlation functions in the Born–Markov–secular 
approximation [52]. The instantaneous equilibrium state is the 

Gibbs state 
( )eq ( ) = / ( )

H tSt e Z tS





, which 
t  annihilates 

by construction.

Work, heat, and entropy production: For an open quantum 
system in the weak-coupling regime, the average work 
performed on the system between = 0t  and =t   and the 
average heat absorbed from the bath are defi ned by 

d ( )
d ( ) ,0 d

H tSW tTr tS t
   

 
  

              (38)

d ( ) ( ) ,0Q tTr t H tS S
                     (39)

respectively, satisfying the fi rst law =H W QS       . The von 

Neumann entropy of the system is [ ] = [ ln ]vNS TrS S S    

(in nats), related to the thermodynamic entropy by the same 
factor as in the classical case.

The total entropy production along the protocol takes the 
Spohn–Lindblad form 

= [ ] 0,vNS QS                      (40)

which is the quantum analogue of the second law in stochastic 
thermodynamics [51,53]. Our sign convention (heat absorbed 
from the bath is positive) follows Ref. [51].

Notation caveat: We emphasize that the defi nitions 
(38)–(39) are valid only in the weak-coupling regime where 
the energy of the system is well-defi ned independently of 
the bath. In the strong-coupling regime to be considered in 
sec:quantum:strong-coupling, this decomposition becomes 

ambiguous and a careful choice must be made, which we 
discuss explicitly there. Different choices yield different 
“works” and “heats,” and any quantitative comparison with 
the classical bounds of sec:fi nite-time requires that this choice 
be made consistently [54,55].

Finite-time quantum Landauer bounds at we ak coupling

For information encoded in an open quantum system 
governed by a Markovian Lindblad equation, Van Vu and 
Saito derived fi nite-time lower bounds that hold for arbitrary 
operation time and control protocol [56]. In the notation of this 
review their result can be represented as 

, 0,erasebathQ S                      (41)

where eraseS  is the entropy reduction in nats and   is the 

fi nite-time correction specifi ed by the dynamical quantities 
in the original theorem. It scales inversely with the operation 
time in the relevant regime.

The same work derives a second lower bound that relates 
additional heat to coherence generated in the instantaneous 
energy eigenbasis. Schematically, 

, 0.erasebath coh cohQ S                     (42)

Equations (41) and (42) are lower bounds on the same heat. 

They should not be added unless a theorem establishes joint 
additivity for the chosen dynamics. Their common implication 
is that rapid erasure and coherence generation can each 
obstruct saturation of the quasistatic Landauer limit.

Neither   nor coh  is a universal correction coeffi cient. 
Their numerical values depend on the system Hamiltonian, the 
Lindblad generator, bath temperature, the controlled protocol, 
operation time, and, for coherence-related contributions, 
the relevant instantaneous energy basis. These terms must 
therefore be regarded as model-dependent quantum bounds 
rather than universal additive corrections to Landauer’s 
principle.

Remark 4.1 (Scope)  These results apply to the specifi ed 
open-quantum-system model. They hold beyond the slow-driving 
approximation, but their numerical evaluation requires the Lindblad 
generator and the controlled quantum trajectory. They do not yield a 
generic correction for a classical processor. 

Strong coupling and non-Markovianity: the Roland i–Pe-
rarnau-Llobet framework

The Lindblad framework of the previous subsection is the 
workhorse of quantum thermodynamics, but it relies on the 
Born–Markov approximation that is generically invalid at 
strong system–bath coupling. For a fermionic mode whose 
tunnel coupling to a fermionic reservoir is of the same order as 

Bk T , neither the Markovian master equation nor the standard 

splitting into “system” and “bath” contributions remains 
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adequate. The benchmark result in this regime is the work of 
Rolandi and Perarnau-Llobet [57], who treat a single fermionic 
mode coupled to a continuum reservoir exactly, without Born–
Markov assumptions.

Setup: Consider a single fermionic mode (the “bit”) of 
energy ( )t  coupled to a structureless fermionic reservoir at 
inverse temperature  , with tunnel-coupling rate ( )t  that 
is itself a control parameter. The Hamiltonian decomposes as 

= ( ) ( )H H t H H tBS SB  , where 

† †( ) = ( ) , ( ) = [ ( ) h.c.],H t t c c H t V t c bS SB k kk
              (43)

and the coupling spectral density encodes ( )t . Both ( )t  

and ( )t  are taken as control parameters [57].

Choice of work defi nition: At strong coupling, several 
inequivalent defi nitions of work and heat exist in the literature 
[54,55]. Rolandi and Perarnau-Llobet adopt the convention 
in which the work is associated with changes in the full 
Hamiltonian (system plus interaction), 

= d ( ) ,0W t H t                    (44)

and the heat is the energy fl ow through the system–bath 
interface defi ned consistently with the strong-coupling free-
energy decomposition of [58] (cf. Sec. III of Ref. [57]). This 

choice ensures that the second law holds in the form W    , 
with   the appropriately defi ned non-equilibrium free energy 
of the system.

Slow-driving expansion: In the slow-driving regime 
(small ,  ), the dissipated work admits a quadratic expansion 
in protocol velocity, 

3= d ( ( )) ( ),0dissW t g t                       (45)

where = ( , )    and ( )g   is the strong-coupling 
thermodynamic metric, computed analytically by Rolandi 
and Perarnau-Llobet using non-equilibrium Green’s function 
techniques [57]. The metric is positive semidefi nite and reduces 
to the Sivak–Crooks friction tensor of eq:friction-tensor in the 
appropriate weak-coupling limit.

The strong-coupling Landauer bound: The minimum 
dissipated work over all protocols of duration   implementing 
a fi xed initial-to-fi nal transformation in ( , )  -space is, by 
the same geometric argument as eq:thermo-length-bound, 
bounded below by 

2 , d d ,diss
jf iW gg g iji

      

                         (46)

where is the geodesic length in the strong-coupling metric. 
The optimal protocol is a geodesic with constant excess power.

Key qualitative fi nding: The quantitative analysis of [57] 
yields a result that is conceptually important for the hierarchy 
of this review: strong system–bath coupling is required to saturate 
the fi nite-time bound. Specifi cally, in the weak-coupling limit 

/Bk T  , the relaxation time diverges and the geodesic 

length in Eq. (RP-bound grows correspondingly, increasing the 
minimum dissipation at fi xed  . The optimal erasure protocol 
exploits a non-trivial trajectory in the plane, modulating 
the coupling strength to track the geodesic. This means that 
strong-coupling effects can in principle reduce dissipation, 
provided they are exploited via an optimal protocol.

Remark 4.2 (Implication for nanoscale devices)  The 
Rolandi–Perarnau-Llobet result inverts a common assumption 
in device design, where strong system–bath coupling is treated as 
parasitic. At fi xed operation time, dissipation is minimized by tunable 
coupling that modulates between strong and weak as required by 
the optimal trajectory. This observation has direct implications for 
the design of next-generation memory devices operating in the 

few- Bk T  regime, where engineering of the coupling strength is 

increasingly feasible [59]. The connection between this microscopic 
control freedom and the architectural cost analysed in sec:architecture 
is, to our knowledge, not yet developed in the literature. 

Quadratic convergence via interacting environments: A 
complementary and more recent result, due to Lipka-Bartosik 
and Perarnau-Llobet [60], shows that engineered interactions 
within the bath can qualitatively change the convergence toward 
Landauer’s bound. Concretely, for erasure in contact with a 
fi nite reservoir of constituents, the residual entropy production 
of any protocol employing a non-interacting reservoir decays 
at most linearly n ; when the reservoir constituents interact 
and are prepared near a critical point, an explicit protocol 
achieves the quadratic scaling. 

1
,min 2n

                  (47)

which is, in fact, the best possible [60]. The qualitative 
signifi cance is twofold: it demonstrates that the generic linear 
convergence to the Landauer bound is not universal but refl ects 
properties of the bath, and it identifi es engineered, interacting 
reservoirs as a genuine thermodynamic resource that relaxes 
the resource–dissipation trade-off of erasure.

Many-body verifi cation: the Aimet–Tajik experiment

The theoretical developments abov e raise a natural 
question: can Landauer’s principle be probed in regimes 
where the system itself cannot be reduced to a single mode, 
but is genuinely a quantum fi eld? This question has now been 
answered experimentally by Aimet, Tajik et al. [35], in a result 
of methodological as well as physical signifi cance.

Experimental setup: The experimental platform is a 
quantum fi eld simulator based on ultracold atoms trapped 
in a quasi-one-dimensional geometry. Two tunnel-coupled 
condensates, prepared in a thermal state of the massive Klein–
Gordon Hamiltonian, are subjected to a global mass quench: 
the tunnel-coupling barrier is rapidly ramped, taking the 
system from the massive to the massless Klein–Gordon model. 
The post-quench evolution is reconstructed by dynamical 
tomographic measurements of the fi eld correlators [35].
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Generalized Landauer principle: The theoretical framework 
underlying the experiment relates the thermodynamic and 
information-theoretic descriptions of a system–environment 
partition. Let denote the system and its environment, and 
let be a reference Gibbs state of the environment at inverse 
temperature E . Defi ning 

   = ( ) (0) ,S S t SS S                 (48)

together with 

   = ( : ) ( : ) , = ( ) (0) ,0
E EI I S E I S E D D t Dt E E E E

 
         

                (49)

the generalized entropy-production balance can be written as 

= = ,E S I DE E                    (50)

where is the change in the environment energy, ( : )I S E  
is the quantum mutual information between system and 
environment, and is the quantum relative entropy of the 
environment state with respect to the reference Gibbs state 
[35].

The commonly used Landauer form is recovered as a special 
case when the initial system and environment are uncorrelated, 
and the environment initially coincides with the reference 
thermal state. Then, and so that 

 = ( : ) ( ) .EE S I S E D t StE E E E


                (51)

This special-case inequality should be distinguished 
from the more general balance in eq:generalized-landauer. 
In the experimentally considered partitions, initial system–
environment correlations and deviations of the environment 
from the reference thermal state are retained explicitly through 
[35].

Experimental result: Aimet, Tajik et al. [35] perform 
dynamical tomographic reconstruction for a family of system–
environment partitions of the many-body quantum fi eld. 
Measurements of fi eld correlations are used to reconstruct the 
corresponding covariance matrices, from which the reduced 
states and the relevant information-theoretic quantities 
are determined. This procedure allows the experiment to 
evaluate the different terms entering the generalized entropy-
production balance of Eq. generalized-landauer, including 
changes in system entropy, system–environment mutual 
information, and the relative entropy of the environment with 
respect to the chosen thermal reference state. Importantly, 
the analysis retains the contributions associated with initially 
correlated partitions and with an environment that need not 
initially coincide with the reference Gibbs state.

Methodological signifi cance: The methodological 
signifi cance of the experiment therefore lies in the combination 
of dynamical tomography and information-theoretic 
thermodynamic accounting, rather than in using dissipated 

heat as a standalone estimator of entropy. The experimentally 
measured fi eld correlations provide access to the covariance 
matrices of the many-body state, from which entropies, 
mutual information, and relative-entropy contributions can 
be reconstructed. Energy and information terms can then be 
compared within the generalized Landauer balance. Thus, 
Landauer’s principle serves as a framework for organizing the 
relation between energetic and informational changes, but the 
entropy change itself is not inferred from heat alone [35].

Implications for computation

The quantum results reviewed in this section refi ne the 
conditions und er which a process-specifi c Landauer bound can 
be approached. They do not supply a universal multiplicative 
correction for CMOS logic or neural inference.

Coherence, strong coupling, non-Markovianity, and many-
body correlations alter the thermodynamic state variables and 
the admissible control protocols. Their importance depends on 
the physical substrate, bath spectrum, temperature, operation 
time, and the division between system and environment. A 
correction calculated for a fermionic mode or an ultracold Bose 
gas cannot be transferred numerically to a room-temperature 
GPU without a physical mapping.

Three conclusions are nevertheless robust.

1. [ leftmargin=2.2em,itemsep=0.Weak-coupling 
Markovian bounds should not be assumed to remain 
tight at nanoscale or in deliberately correlated 
substrates. 

2. Strong coupling can be a control resource rather than 
only a source of loss; the direction and magnitude of the 
effect are protocol-dependent [57]. 

3. Many-body information, including correlations and 
mutual information, must be included when the 
information-bearing degrees of freedom are collective 
[35]. 

Accordingly, Level 2 of the hierarchy is represented in later 
sections as a family of substrate-specifi c lower bounds, not as 
a universal numerical coeffi cient assigned to an AI query.

Positioning against exi sting reviews

Two recent reviews cover material that overlaps with this 
section, and we make our positioning explicit. Goold et al. 
[20], published in 2016, covers the foundational quantum-
information thermodynamics framework, but predates the 
fi nite-time and strong-coupling developments reviewed here. 
The recent review of Chattopadhyay et al. [48], published 
in Reports on Progress in Physics in 2025, covers Landauer’s 
principle and the thermodynamics of computation with 
substantial overlap with our treatment of fi nite-time and 
quantum corrections in sec:fi nite-time, sec: quantum.

The present review is complementary in three respects. 
First, it extends the discussion to architectural, data-
movement, and facility boundaries (sec: architecture, 
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sec: overhead). Second, it makes the accounting status of 
each quantity explicit: theorem, process-specifi c model, 
reference normalization, estimate, or measurement. Third, it 
connects the thermodynamic literature to current AI-serving 
measurements and to hardware–algorithm co-design. We do 
not claim a unique numerical decomposition of an AI workload; 
the contribution is a framework for preventing incompatible 
quantities from being combined.

The cost of control: Prot ocol overhead

The bounds developed in sec:fi nite-time, sec: quantum 
treat the controlled system in isolation: an external protocol 
is prescribed, and the dissipation incurred by the system as it 
follows that protocol is computed. This idealization implicitly 
assigns zero cost to the implementation of the protocol itself—
to the actuators, controllers, measurement devices, and clock 
distribution networks that realize it in any physical setting. 
For a quasi-static laboratory experiment, this idealization is 
harmless. For a computing device executing operations per 
second, it is not: a substantial fraction of the operational energy 
budget is consumed not by the information-bearing degrees of 
freedom themselves, but by the machinery that controls them.

This section reviews thermodynamic costs associated 
with implementing and operating a controlled computational 
process, focusing primarily on Levels 3 and 4 of the conceptual 
hierarchy in Fig. 1. The fi rst is the cost of shortcuts to 
thermodynamic computing: the additional dissipation incurred 
when one drives a system rapidly along a prescribed trajectory 
in state space, beyond the natural relaxation dynamics [61]. The 
second is the cost of measurement and feedback: when a protocol 
depends on real-time information about the system, the 
thermodynamic accounting must include the cost of acquiring 
that information [62,63]. The third—and conceptually the most 
important for the remainder of this review—is the mismatch 
cost of Kolchinsky and Wolpert [23, 24], which quantifi es the 
additional dissipation incurred when the actual distribution 
over inputs to a process differs from the distribution for 
which the process is energetically optimized. Mismatch cost 
is the structural mechanism by which the architectural and 
algorithmic choices of a computing device propagate, with full 
thermodynamic force, into its energy budget.

Shortcuts to adiabaticity an d the boundary of control

Rapid driving generally creates non-equilibrium 
populations and coherences. Counterdiabatic or transitionless 
driving adds control terms designed to follow a reference 
adiabatic trajectory at fi nite speed [64-66]. For a non-

degenerate reference Hamiltonian ( )0H t  with instantaneous 

eigenstates | ( )n t  , one standard form is 

 ( ) = | ( ) ( ) | ( ) | ( ) | ( ) ( ) | .CDH t i n t n t n t n t n t n tt tn
        

                  (52)

Classical analogues use auxiliary forces or potentials to 
steer a probability density along a desired path [67].

The phrase “cost of counterdiabatic driving” is not 

represented by one universal scalar. Different studies quantify 
fi eld amplitude, operator norm, work fl uctuations, control 
power, or total energy used by the controller [68]. A control 
term can reduce dissipation inside the target subsystem while 
requiring additional resources outside it. The net result depends 
on the chosen cost functional and on whether the controller, 
power supply, and eventual reset are included in the system 
boundary.

Shortcuts to thermodynamic computing make the same 
accounting issue explicit for information processing [61]. 
An auxiliary protocol may make the information-bearing 
subsystem evolve more quickly or faithfully, but this does not 
establish a reduction in total energy until the implementation 
of the auxiliary control is included.

The defensible conclusion for the hierarchy is therefore a 
boundary rule: a fi nite-time bound on the controlled subsystem 
and an energetic model of the controller must be reported 
separately before they are combined. Control costs are not 
assumed to be positive additions of a universal size, nor can 
they be omitted when a subsystem-level advantage is claimed.

Measurement, feedback, and cont roller bookkeeping

Feedback can reduce the work required of a controlled 
subsystem by using information acquired in a measurement. 
For a feedback protocol with outcome M, a standard generalized 
second-law form is 

( ; ),natBW F k T I X M                  (53)

where is mutual information in nats [63,69]. If mutual 
information is reported in bits, the right-hand side contains 
an additional factor of ln 2 .

Equation (53) is a statement about the controlled 
subsystem. Complete thermodynamic bookkeeping must also 
include the physical memory and apparatus that perform the 
measurement, store the outcome, implement the feedback, and 
are eventually restored to a reusable state. There is no universal 
standalone law of the form. 

measurement BW k TI

that is independent of the memory Hamiltonian and the 
measurement protocol.

For the standard idealized case of a memory with a 
degenerate Hamiltonian, resetting a memory whose logical-

state entropy is ( )natH M  obeys the familiar Landauer bound 

( ).reset natBW k TH M               (54)

The degeneracy assumption is important because the 
logical states then carry no free-energy difference associated 
with their energies. For a non-degenerate or time-dependent 
memory Hamiltonian, the minimum work depends additionally 
on changes in the memory free energy and, when present, on 
correlations between the memory and the measured system.
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A fully reusable measurement–feedback device must 
restore not only the logical memory distribution but also the 
memory Hamiltonian, the relevant control parameters, and 
any correlations required for the initial operating state. Only 
the complete thermodynamic cycle can therefore be compared 
consistently with the ordinary second law [62,63].

Experiments with single-electron and colloidal systems 
have confi rmed the information-dependent work relations 
in controlled settings [70,71]. Their lesson for computation is 
methodological: subsystem savings must not be reported while 
controller, readout, and memory-reset costs are omitted.

Training algorithms can be viewed abstractly as feedback 
processes, but the mutual information in a gradient does not 
by itself determine the electrical energy of a training step. A 
thermodynamic application would require a physical model 
of measurement, parameter storage, update, and reset. 
Consequently, this section does not assign a numerical Level 3 
contribution to neural-network training.

Mismatch cost: Distribution dependenc e of a physical 
process

A physical implementation is generally optimized for a 
set of operating conditions rather than for every possible 
input distribution. Mismatch cost formalizes the additional 
entropy production that can arise when the actual input 
distribution differs from a distribution for which the process is 
thermodynamically optimal [23,72,73].

Let denote a stochastic map induced by a fi xed physical 
process, let be the actual input distribution, and let be an 
optimizing input distribution for that process. Under the 
decomposition assumptions of Kolchinsky and Wolpert, the 
excess entropy production is 

   ( ; , ) = ( ) ( ) 0.KL KLmis D D                    (55)

Non-negativity follows from the data-processing 
inequality. The expression is measured in nats; multiplying 
by converts it to thermodynamic entropy, and multiplying by 
gives an energy scale for an isothermal setting.

Theorem 5.1 (Mismatch-cost contraction)  Under the 
hypotheses of the mismatch-cost decomposition [23], the excess 
entropy production of a process operated on rather than an optimizing 
distribution is given by eq. mismatch-cost. It vanishes precisely when 
the channel preserves the relative entropy of the pair ( , )  : 

   = ( ) ( ) .KL KLD D                  (56)

Equality can occur for injective deterministic maps, 
and more generally whenever the channel is suffi cient or 
recoverable for the relevant pair. Injectivity is therefore a 
suffi cient, not a necessary, condition. 

The result is distribution- and process-dependent. The 
prior cannot be inferred merely from the truth table of a 
Boolean gate or from the statement that a circuit is CMOS. It 

must be derived from a specifi ed physical implementation or 
estimated experimentally. In particular, a uniform prior should 
not be assumed without evidence.

Circuits: For circuit models in which gates are 
thermodynamically modular and each gate g  is assigned an 
input distribution g  and an optimizing distribution g , the 
circuit mismatch contribution can be written schematically as 

   circuit = ( ) ( ) .KL KLmis D Dg g g g g gg G
      


     

               (57)

This is an excess contribution, not the total entropy 
production of the circuit. The total also contains the 
baseline dissipation of each gate and any coupling, clocking, 
communication, or control costs outside the modular model 
[74,75].

Different circuits computing the same function can 
therefore have different mismatch costs because their 
intermediate distributions and topology differ. Recent work 
has begun to formulate this dependence for circuit families 
[75,76], but exact comparisons require the gate priors and 
workload distribution. Speed, gate count, and mismatch cost 
need not be ordered in the same way (Figure 5).

Ripple-carry and carry-lookahead adders compute the 
same arithmetic function but induce different intermediate 
distributions, fan-in patterns, and modular decompositions. 
These structural differences can produce different mismatch 
costs under a specifi ed set of gate priors. The fi gure is 
qualitative: no universal numerical ratio between the two 
architectures follows from topology alone. A quantitative 
comparison requires an explicit workload distribution, physical 
gate model, and an optimizing prior for every gate [76,77].

Wolpert’s synthesis: stochastic thermodynami cs as the 
organizing language for energy costs

The mismatch-cost framework, together with the broader 
programme of stochastic thermodynamics of computation 
[73,74,78,79,], has been argued by Wolpert [25] to constitute 
the appropriate theoretical framework for understanding 
the energy costs of computation more broadly. In a recent 
perspective in PNAS, Wolpert [25] identifi es four classes of 
contributions to the operational cost of any computational 
system, each of which corresponds to a distinct level of the 
hierarchy proposed in this review:

• [leftmargin=2em,itemsep=0.The Landauer cost of 
the computation itself, set by the Shannon-entropy 
decrease of the logical operation (thm:landauer). 

• The fi nite-time cost arising from the speed of operation 
relative to the relaxation time of the implementation 
(sec:fi nite-time). 

• The mismatch cost arising from the difference 
between the actual input distribution and the implicit 
optimization prior of the device (thm: mismatch). 
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• The residual entropy production arising from microscopic 
implementation details not captured by any of the above 
(sec: overhead). 

The framework of this review can be read, in part, 
as a quantitative extension and unifi cation of Wolpert’s 
classifi cation: the hierarchy of Fig. 1 is structurally compatible 
with Wolpert’s decomposition, but adds further granularity 
at the architectural and infrastructural levels and applies 
the resulting framework explicitly to the operational gap 
of contemporary AI hardware. Where Wolpert’s exposition 
is programmatic and conceptual, we aim to render the 
classifi cation quantitative and operationally testable.

Implications for AI systems

Cont rol theory and mismatch cost identify terms that are 
absent from a bare Landauer calculation, but neither can be 
assigned a universal numerical value for an accelerator.

Counterdiabatic control and feedback are relevant when 
a device actively uses such protocols. Their energetic benefi t 
must be evaluated together with the controller, measurement 
apparatus, and reset of any memory used by the controller. 
Moving those components outside the system boundary 
can make a subsystem appear to beat a bound while merely 
relocating the cost.

Mismatch cost is potentially relevant to AI because layer-
input distributions are structured and change with data, 
training, quantization, and model state. Nevertheless, three 
measurements are required before a thermodynamic mismatch 
energy can be reported:

1. [leftmargin=2.2em,itemsep=0.25em] the stochastic 
map implemented by the physical device; 

2. its optimizing input distribution or family of 
distributions; and 

3. the actual input distribution at the same physical 
granularity. 

Activation histograms alone do not determine a gate-level 
optimizing prior, and a KL divergence computed in software 
is not automatically a heat measurement. The most defensible 
present use of mismatch cost is therefore as a design principle 
and experimental hypothesis: hardware–algorithm co-design 
should reduce the divergence between workload statistics and 
the operating distribution for which the physical process is 
least dissipative.

This perspective yields a concrete research agenda. Profi ling 
tools can estimate workload distributions; calibrated device 
models can infer candidate priors; and energy measurements 
can test whether reductions in the predicted contraction of 
relative entropy correlate with lower dissipation. Until such 
validation exists, Level 4 remains a distribution-dependent 
theoretical contribution rather than a closed term in an LLM 
energy budget.

Architectural cost: From gates  to neural 
workloads

The preceding sections concern lower bounds on specifi ed 
physical processes. A processor, however, is not an idealized 
erasure device. It contains transistors, interconnects, clock 
distribution, memories, converters, control logic, and 
software-visible datafl ow. Their combined energy is Level 5 of 
the hierarchy. This level is measured operationally and should 

not be inferred by multiplying B ln 2k T  by an assumed 

number of “bit-equivalent operations.”

Figure 5: Circuit topology and mismatch accounting.
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Switching energy and reliability  margins

For a capacitive node in CMOS, a standard fi rst-order model 
for dynamic energy is 

2 ,dyn eff ddE aC V              (58)

where is an activity factor, effC  is the effective switched 

capacitance, and is the supply voltage [80,81]. Static leakage, 
short-circuit current, clocking, and voltage conversion add 
further terms.

Thermal noise and target error probability constrain 

how closely signal energies may approach Bk T , but there 
is no universal decomposition of a modern processor into 

fi xed factors such as a 102 “noise margin,” a 103 “voltage 

gap,” and a 101 “datafl ow overhead.” Those ratios depend 

on technology node, circuit family, frequency, operating 
voltage, error tolerance, and the chosen logical and physical 
reference operation [82,83]. Such factors may be useful in a 
device-specifi c engineering audit, but they are not general 
thermodynamic constants.

The correct comparison is therefore two-tiered. A physical 
model provides a lower bound or switching-energy estimate 
for a defi ned device operation. Measurement then determines 
the realized energy of a circuit or workload. The ratio between 
them is meaningful only when the numerator and denominator 
refer to the same operation and system boundary.

Arithmetic throughput: FLOPs are not e rasures

Hardware data sheets report peak throughput under explicit 
conventions. For example, an H100-class accelerator may 
draw approximately 700 while advertising dense FP8 tensor 
throughput close to 2 x 1015 FLOP/s under favourable conditions 
[84]. Dividing power by peak throughput gives 

700peak 0.35.FLOP 152 10
e 


                (59)

If a fused multiply–add is counted as two FLOPs, the 
corresponding peak arithmetic energy is approximately 0.70 
per MAC. These are peak ratios, not workload measurements. 
Lower utilization raises the effective energy per useful 
operation because device and host power do not scale linearly 
to zero.

Equation (59) can be normalized to show the separation 
between an operational arithmetic scale and the one-bit 
Landauer quantum. The result is only a reference ratio. A FLOP 
is not equivalent to the erasure of one bit, and a MAC cannot 
be assigned a Landauer minimum without specifying its input 
distribution, output retention, overwrite policy, and physical 
realization.

Memory, communication, and conversion

Ari thmetic is only one component of accelerator 
energy. Moving operands through the memory hierarchy, 

communicating across chips, refreshing memories, 
distributing clocks, and converting between analogue and 
digital representations can equal or exceed arithmetic energy 
[39]. The balance changes with model architecture, batch 
size, sequence length, precision, sparsity, cache reuse, and 
parallelization strategy.

This observation has two implications for thermodynamic 
accounting.

First, a query-level estimate based only on FLOP count is 
incomplete. At minimum it 

should state whether the estimate includes high-bandwidth 
memory, host processors, interconnect, idle capacity, and 
facility overhead.

Second, an apparent reduction in arithmetic energy can 
shift cost elsewhere. Analogue in-memory computing may 
reduce repeated weight movement while introducing ADC/
DAC and calibration costs. Photonic multiplication may make 
the passive linear transformation inexpensive while leaving 
laser, modulator, detector, conversion, and memory energy 
outside the optical core. Neuromorphic hardware may exploit 
event sparsity but incur routing and state maintenance costs. 
System-level comparison must include these boundaries.

Neural-network operations

Matrix multipli cation: Dense matrix multiplication 
dominates many transformer workloads. Its operational energy 
is determined by the number and precision of arithmetic 
operations, data reuse, memory traffi c, kernel effi ciency, and 
hardware utilization. Parameter count alone is not a complete 
operation count: attention, mixture-of-experts routing, 
recurrent decoding, and context length change the amount of 
active computation per token.

Activation functions: A non-injective activation such as 
ReLU loses logical information at the abstract mathematical 
level. This fact does not imply a universal thermodynamic cost 
of one half bit per dimension. For continuous inputs, ReLU 
produces a mixed distribution with a point mass at zero and 
a continuous positive component; its entropy change depends 
on the quantization, measure, input distribution, and physical 
representation. A Landauer calculation is possible only after 
those choices are fi xed.

Training and backpropagation: Backpropagation reuses 
intermediate information and contains algebraic steps that 
can be embedded in reversible computations, but a practical 
training system is not thermodynamically reversible. It 
overwrites buffers, updates optimizer state, communicates 
gradients, and repeatedly loads and stores parameters and 
activations. Checkpointing and recomputation change the 
time–memory–energy trade-off [85]. The relevant metric 
is therefore the measured energy of a training step under a 
stated implementation, not a claim that gradient computation 
is intrinsically close to Landauer’s bound.
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Alternative architectures

Neuromorphic compu ting: Neuromorphic systems 
combine event-driven operation, local state, and sparse 
communication. They have demonstrated large advantages on 
selected spatiotemporal and sparse workloads [86-88]. Those 
results should not be generalized to dense transformer training 
without workload-matched benchmarks. The hierarchy 
predicts that gains arise primarily at Level 5 through sparsity, 
locality, and reduced data movement; a Level 4 interpretation 
additionally requires a measured device prior.

Analogue and in-memory computing: Crossbar and 
compute-in-memory systems reduce the separation between 
storage and arithmetic [89-92]. Their total energy must include 
programming, peripheral circuits, ADC/DAC conversion, error 
correction, calibration, and the precision required by the 
application.

Photonic computing: Optical systems can perform linear 
transformations with high parallelism and low passive 
propagation loss [27,93,94]. End-to-end advantage depends 
on sources, modulators, detectors, electronic memory, 
nonlinearities, and conversion between domains. The absence 
of Boolean gates in a passive optical core does not make 
mismatch or control costs universally zero.

Reversible and adiabatic computing: Logically reversible 
circuits can avoid mandatory erasure within an ideal 
computation [8,95,96]. Practical implementations trade energy 
against speed, error, retained garbage information, clock 
generation, and eventual reset. Their relevance to AI depends 
on whether reversibility can be maintained through memory, 
communication, and input–output boundaries.

Thermodynamic computing: Thermodynamic computers 
use stochastic physical relaxation as a computational resource. 
Recent work has demonstrated a small-scale stochastic 
processing unit for sampling and linear-algebra primitives 
[73]. This is an important proof of principle, not yet evidence 
of a production-scale energy advantage. Programming, 
equilibration, readout, connectivity, accuracy, and digital 
interface costs must be included in comparisons.

Implications for the hierarchy

Level 5 is whe re current AI energy can be measured most 
directly and where the largest near-term engineering gains 
are likely to occur. This conclusion does not require claiming 
that architecture contributes a fi xed number of orders of 
magnitude. It follows from the fact that contemporary devices 
operate far above process-specifi c thermodynamic bounds and 
that measured energy changes substantially with precision, 
sparsity, utilization, memory placement, and datafl ow.

For AI researchers, the practical output of this section is a 
reporting discipline:

[leftmargin=2.2em,itemsep=0..25em]

1. report the arithmetic convention, precision, and active 
operation count; 

2. report context and output lengths, batch size, and 
utilization; 

3. separate accelerator, memory, host, network, idle, and 
facility energy where possible; 

4. compare alternatives on the same model, task, accuracy, 
and accounting boundary; and 

5. use Landauer normalization only as a labelled reference 
scale unless logical entropy reduction has been 
quantifi ed. 

Thermal and infrastructural overhead

 Level 6 changes the accounting boundary from the 
computing equipment to the facility that delivers power and 
rejects heat. It is conceptually different from the lower levels: 
it does not determine the logical cost of computation, but 
multiplies or adds to the energy already consumed by the IT 
system.

Full-stack accounting

For a query ser ved over a time interval  , a direct 
measurement can be written as 

( ) ( ) ( )memoryaccelerator hostquery = d .IT ( ) ( )network idle allocation

P t P t P t
E t

P t P t

 


 

 
 
  

  
       
                 (60)

The facility energy is then 

query query= , 1,ITfacility fac facE m E m              (61)

when a multiplicative allocation is appropriate. Power-usage 
effectiveness is a common annual or facility-level proxy, 

facility
PUE = .

IT

E

E
              (62)

PUE is not a property of the model, and it does not include 
losses already counted inside the IT boundary. Utilization and 
idle-capacity allocation must therefore not be hidden inside 
PUE if they are already represented in eq:query-it-energy.

Published PUE values vary by facility and accounting 
practice. The industry average remains substantially above the 
best hyperscale facilities [81][]. Query-level work should report 
the actual multiplier used, its time period, and whether it is 
measured or assumed.

Thermodynamics of heat rejection

Let be t he device junction temperature, TC  the coolant 
or cold-side temperature, and the ambient or heat-sink 
temperature. In an ordinary cooling path, the ordering is 

> >T T TJ C A                (63)
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when heat ultimately fl ows to a cooler ambient without 
refrigeration. Pumps, fans, and fi nite thermal resistances still 
consume work, but there is no Carnot requirement to pump 
heat from cold to hot.

Active refrigeration is required when heat must be rejected 

to a hotter sink, for example when <T TC A . For an ideal 

refrigerator operating between cold temperature TC  and hot 

temperature TA , the Carnot coeffi cient of performance is 

COP = ,Carnot
TC

T TA C
                         (64)

and the minimum work per unit heat removed from the cold 
side is 

min = .
W T TA C
Q TC C


               (65)

Real systems attain a fraction of the Carnot COP, so their 
work is larger than eq:cooling-carnot. This relation constrains 
a specifi ed refrigeration cycle; it does not imply a universal 
irreducible PUE of 1.15–1.20. PUE also includes power delivery, 
lighting, fans, pumps, and other facility loads.

Warmer liquid cooling can reduce refrigeration requirements 
and improve heat-reuse opportunities, but the benefi t depends 
on climate, coolant temperature, heat-exchanger design, and 
the temperature limits of the hardware. Facility optimization 
is therefore signifi cant, yet it cannot remove energy already 
dissipated by arithmetic and data movement.

Operational inference energy

There are two defens ible routes to query energy.

Measurement: The preferred route integrates the full 
serving stack as in eq:query-it-energy. Elsworth et al. report 
that a median Gemini Apps text prompt used approximately 
0.24 in their measured production environment, including 
active accelerators, host systems, idle capacity, and data-
centre overhead [4]. The result is specifi c to the measured 
workload distribution and infrastructure.

Model-based estimation: When direct measurement is 
unavailable, the energy may be estimated from throughput and 
serving assumptions: 

prefill
= ,query out decode/token

out

E
E N E

N


 
 
 

           (66)

where each term should include arithmetic, memory, 
communication, host, idle-capacity, and facility boundaries 
consistently. Oviedo et al. provide a model-based full-stack 
methodology and report a broad distribution of sub-watt-hour 
energies for large-model inference [6]. An informal estimate 
of approximately 0.3 per typical ChatGPT query [2][] is broadly 
consistent with that scale but should not be described as an 
audited measurement.

A simplifi ed accelerator-only arithmetic estimate 

= ,FLOP FLOParithE N e                (67)

is useful for sensitivity analysis but is not a reconstruction of the 
full query unless all omitted terms are shown to be negligible. 
The number of active FLOPs must be derived from a specifi ed 
model, context length, attention implementation, number of 
active experts, precision, and output length. Parameter count 
alone is insuffi cient.

Where uncertainty enters

The principal uncertaintie s in public estimates are:

[leftmargin=2.2em,itemsep=0.25em]

• model identity and active parameter count; 

• prefi ll and decoding sequence lengths; 

• batch size, speculative decoding, and cache reuse; 

• arithmetic convention and numerical precision; 

• accelerator and host utilization; 

• memory and interconnect traffi c; 

• allocation of idle capacity; 

• facility multiplier; and 

• whether energy is a mean, median, tail value, or 
scenario. 

These variables can easily move the result by factors of 
several. Consequently, agreement within a factor of three 
may establish only an order-of-magnitude scale. It does not 
demonstrate that a proposed thermodynamic decomposition 
has accounted for the measured energy.

Implications for effi  ciency programmes

Fac ility improvements can deliver immediate economic 
and environmental benefi ts, but their maximum percentage 
effect is limited by the fraction of energy already outside the 
IT load. A reduction of PUE from 1.5 to 1.1 is important; it 
cannot compensate for an ineffi cient model, low accelerator 
utilization, or excessive memory movement.

For AI research, the hierarchy therefore favours a full-
stack order of operations: reduce unnecessary computation 
and data movement, improve utilization and workload–
hardware matching, then minimize facility overhead. This 
is an accounting conclusion, not a claim that cooling is 
thermodynamically negligible.

Synthesis: A unifi ed hierarchical framework 

The preceding sections establish a hierarchy of modelling 
and measurement questions rather than an additive partition 
of computational energy. At each level, one must identify 
the physical process under consideration, the quantity being 
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bounded or measured, the relevant input distribution and 
operating conditions, and the system boundary within which 
the energy is evaluated.

The purpose of the framework is therefore not to assign 
every observed joule to a unique thermodynamic term. Its 
purpose is to distinguish process-specifi c lower bounds from 
realized implementation costs and facility-level accounting 
quantities, while clarifying when different results may 
legitimately be compared.

Aggregation of compatible lower bounds

A ma thematically valid aggregation statement is possible 
only when all bounds refer to the same physical process, energy 
quantity, and system boundary.

Theorem 8.1 (Aggregation of co-normalized lower bounds) 

Let be a specifi ed physical implementation of a 
computational process, and let denote its average chip-level 
energy under a specifi ed input distribution and set of operating 
conditions.

Suppose that 

( ), , ( )0L Lm 

are valid lower bounds on that same quantity, expressed 
using the same unit, physical boundary, input distribution, 
logical coarse-graining, temperature, and operating conditions. 
Then 

( ) ( ).maxchip 0
E Lii m


 

              (68)

If the allocated facility-level energy is related to the chip-
level energy by 

( ) = ( ), 1,facility fac chip facE m E m             (69)

then 

( ) ( ).maxfacility fac 0
E m Lii m


 

              (70)

Proof. By hypothesis, each is a lower bound on the same 

quantity ( )chipE  . Therefore, 

( ) ( )chipE Li 

for every {0, , }i m  , which immediately implies 

eq:compatible-bound-maximum. Multiplication by the non-
negative factor yields eq:facility-compatible-bound. 

The signifi cance of thm: hierarchy lies primarily in its 
hypotheses. Two quantities cannot be combined merely because 
both are reported in joules. A one-bit erasure bound, a strong-
coupling bound for a fermionic mode, a measured accelerator 
energy per operation, and a facility-level energy per prompt do 
not automatically constrain the same physical quantity.

Similarly, lower bounds are not generally additive. Two 
inequalities may constrain the same realized dissipation from 
different physical or informational descriptions. Unless an 
independent derivation establishes additivity, the strongest 
compatible lower bound is given by their maximum rather than 
their sum.

The theorem should therefore be understood as an 
aggregation rule for co-normalized bounds. The substantive 
contribution of the framework is to identify the physical 
conditions under which such co-normalization is possible.

The seven levels of the framework

The hierarchy cl assifi es contributions according to both 
their physical origin and their epistemic status.

[leftmargin=2.8em,style=nextline,itemsep=0.5em]

This level contains the process-specifi c Landauer term 

= ln 2 .eraseL BE k T H                           (71)

It constitutes a lower bound only after the information-
bearing degrees of freedom, the logical coarse-graining, and 
the entropy reduction have been defi ned. It is not a universal 
energy assigned to every instruction, FLOP, MAC, gate 
evaluation, or transistor transition.

This level contains additional process-specifi c bounds 
associated with fi nite protocol duration, thermodynamic 
length, dynamical activity, error tolerance, and the stochastic 
dynamics of the implementation. These results apply only 
when the state space, transition dynamics, and protocol are 
explicitly specifi ed (sec:fi nite-time).

This level includes modifi cations associated with coherence, 
quantum correlations, many-body degrees of freedom, 
fi nite-size reservoirs, non-Markovianity, and non-negligible 
system–bath interactions (sec: quantum). Such corrections 
are process-dependent and cannot be assigned numerically to 
a conventional processor without an appropriate microscopic 
model.

This level accounts for the energy required to implement 
a control protocol, prepare and drive the physical substrate, 
measure its state, process feedback information, and reset 
controller memories (sec: control). These costs may lie outside 
the subsystem used to derive a lower bound and must therefore 
be included explicitly when the system boundary is expanded.

This level contains excess entropy production caused by 
operating a fi xed physical process under an input distribution 
different from the distribution for which that process is 
thermodynamically optimized. Its evaluation requires a 
physical channel, an optimizing prior, and an actual operating 
distribution defi ned at the same granularity.

This level contains the realized energy associated with 
switching, arithmetic, memory access, interconnects, 
communication, numerical conversion, clocking, 
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synchronization, and software-visible datafl ow (sec: 
architecture). It is normally determined by measurement or 
device-level modelling rather than by multiplying an operation 
count by the Landauer quantum.

This level expands the accounting boundary from the chip 
or IT equipment to the facility. It includes power conversion 
and distribution, cooling, pumping, fans, heat rejection, idle 
allocation, and other infrastructure energy (sec: overhead). It 
is commonly represented through a facility multiplier, but the 
value and meaning of that multiplier depend on the adopted 
allocation method.

The hierarchy does not imply the additive identity 

6
= .op =0

E E                               (72)

Some levels contain alternative lower bounds on the same 
physical quantity. Others contain excess costs defi ned relative 
to a reference process, measured implementation energies, 
or accounting multipliers. Consequently, the appropriate 
mathematical relationship must be determined separately for 
each physical implementation and system boundary.

Geometric and information-theoretic structures

Severa l results associated with the lower levels of the 
framework share a geometric formulation. In the slow-
driving regime, excess work can be expressed as a quadratic 
form in protocol velocity, with a friction tensor defi ning a 
thermodynamic metric and thermodynamic length [17,40,41,]. 
Optimal-transport formulations introduce a geometry on 
the space of probability distributions [67]. Related geometric 
structures also arise in quantum-state manifolds and 
quantum-control problems.

Mismatch cost is usually formulated instead through the 
contraction of relative entropy under a physical channel. 
This gives it an explicitly information-theoretic structure. 
Information geometry may provide connections between 
these descriptions, but a general theorem unifying fi nite-
time thermodynamic length, quantum-control geometry, and 
circuit-level mismatch cost has not yet been established.

The distinction should therefore not be interpreted as 
proving that higher levels lack geometric structure. Rather, it 
identifi es a gap between currently available theories. A unifi ed 
treatment may require a combination of Riemannian geometry, 
optimal transport, graph structure, information geometry, and 
stochastic control.

Architecture- and facility-level quantities introduce 
further diffi culties. They involve discrete circuit topologies, 
heterogeneous components, software schedules, shared 
resources, workload-dependent utilization, and accounting 
allocations. Any future geometric description of these levels 
must preserve the physical meaning and system boundary of 
each metric rather than combining formally similar quantities 
without a common operational interpretation.

Open problems and research programme

The hierarchy su ggests seven research problems that would 
make the connection between thermodynamic bounds and AI 
systems more quantitative and falsifi able.

Problem 1: logical-entropy audits of AI primitives.

For a quantized arithmetic primitive, activation function, 
memory update, communication step, or inference subroutine, 
defi ne the information-bearing state, input distribution, 
retained outputs, discarded variables, overwritten memory, 
and total logical entropy reduction. Determine under what 
conditions a workload-level bound can be calculated or 
bounded without double-counting intermediate states.

Such an audit is necessary before a process-specifi c 
Landauer bound can be assigned to a complete neural 
computation. Operation counts alone are insuffi cient.

Problem 2: fi nite-time models of computing devices.

Construct calibrated stochastic models for representative 
memory, logic, and analogue-computing devices. Measure 
or infer the quantities entering thermodynamic-length and 
activity-based bounds, including transition rates, endpoint 
distributions, dynamical activity, relaxation times, protocol 
duration, and error probability.

These experiments should report both the energy of the 
modelled subsystem and the energy of the controllers, drivers, 
sensors, and readout electronics. This would establish whether 
Level 1 corrections remain experimentally observable after the 
full control boundary is included.

Problem 3: realistic quantum and strong-coupling 
substrates.

Determine whether coherence, correlations, many-body 
effects, or tunable system–bath coupling can reduce total 
device energy under realistic temperature, speed, connectivity, 
and error-tolerance requirements. Comparisons must include 
state preparation, control, stabilization, readout, reset, and 
any refrigeration needed by the substrate.

A reduction in the energy of an isolated elementary 
transformation does not by itself imply a reduction in system-
level energy.

Problem 4: empirical measurement of mismatch cost.

Infer or experimentally determine optimizing distributions 
for physical logic gates, analogue arrays, stochastic processors, 
and neuromorphic devices. Compare those distributions 
with measured workload distributions and calculate the 
corresponding relative-entropy contraction.

The central empirical question is whether the predicted 
mismatch term correlates quantitatively with measured excess 
heat or electrical energy under controlled changes of the input 
distribution. Such an experiment would provide a direct test of 
the relevance of Level 4 to computing hardware.
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Problem 5: architecture-matched AI benchmarks.

Compare digital, neuromorphic, analogue in-memory, 
photonic, reversible, and thermodynamic systems using 
identical tasks, accuracy targets, numerical precision, latency 
constraints, and system boundaries. The benchmark should 
separately report:

[leftmargin=2.2em,itemsep=0.2em]

1. arithmetic or core-computation energy; 

2. memory and data-movement energy; 

3. conversion and peripheral-circuit energy; 

4. host and control energy; 

5. idle-capacity allocation; and 

6. facility-level overhead. 

Without these controls, comparisons between an effi cient 
core operation and a complete conventional system are not 
physically meaningful.

Problem 6: reproducible full-stack inference accounting.

Develop open measurement protocols that report 
distributions, rather than only a single average, of joules per 
token and watt-hours per prompt. At minimum, the protocol 
should disclose context length, output length, batching, 
numerical precision, active parameters, accelerator utilization, 
memory and communication traffi c, host-system power, idle 
allocation, and facility multiplier [2,4,6].

Where proprietary constraints prevent disclosure of model 
or infrastructure details, uncertainty intervals and explicit 
accounting assumptions should be reported.

Problem 7: falsifi able predictions for emerging paradigms.

For each proposed computing paradigm, identify:

[leftmargin=2.2em,itemsep=0.2em] 

1. the level or component expected to decrease; 

2. the physical mechanism responsible for the decrease; 

3. the components expected to remain unchanged or 
increase; 

4. the adopted system boundary; 

5. the reference conventional system; and 

6. a numerical system-level prediction stated before 
measurement. 

A paradigm is not validated by demonstrating a low-energy 
core operation when conversion, programming, control, 
readout, memory, or data movement dominates the complete 
workload.

Implications for emerging computing paradigms

Th e hierarchy provides a common language for assessing 
alternative computing technologies. Different paradigms 
target different parts of the energy stack and should therefore 
not be evaluated using a single device-level metric.

Neuromorphic systems: The primary hypothesis is a 
reduction of Level 5 energy through event-driven operation, 
local memory, sparse communication, and co-location of state 
and computation. These advantages are expected to be strongest 
for sparse, event-based, and spatiotemporal workloads. 
They may be smaller for dense matrix multiplication unless 
the model, data representation, and training procedure are 
redesigned for the hardware.

Claims of neuromorphic effi ciency should include the 
energy of encoding, routing, learning, host communication, 
and any conversion between conventional and event-based 
representations.

Analogue in-memory systems: Analogue in-memory 
computing primarily targets Level 5 by reducing the 
movement of weights and intermediate activations between 
memory and arithmetic units. Its end-to-end advantage 
depends on programming energy, peripheral circuits, ADC 
and DAC conversion, calibration, device variability, precision, 
endurance, refresh, and error correction.

Claims involving Level 4 additionally require an 
experimentally grounded physical prior and a measured 
workload distribution. Analogue operation alone does not 
establish a reduced mismatch cost.

Photonic systems: Passive or weakly driven optical 
transformations can reduce the energy of selected linear 
operations and communication tasks. However, end-to-end 
effi ciency depends on light sources, modulators, detectors, 
nonlinear elements, optical memory, electronic control, and 
repeated conversion between optical and electronic domains.

The appropriate benchmark must therefore include the 
complete electro-optical system rather than the energy of an 
isolated optical matrix multiplication.

Reversible systems: Logical reversibility can reduce or 
eliminate Level 0 entropy reduction within an idealized internal 
computation. A practical benefi t, however, depends on protocol 
speed, error control, garbage retention and uncomputation, 
clocking, signal restoration, input preparation, and output 
reset.

The relevant comparison is therefore the complete 
algorithmic cycle, including initialization and reuse of memory, 
rather than an isolated reversible gate.

Thermodynamic systems: Thermodynamic and stochastic 
computing systems exploit physical relaxation, fl uctuations, or 
equilibrium sampling as computational resources. They may 
be naturally suited to sampling, probabilistic inference, and 
optimization tasks.
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Existing experiments demonstrate small-scale feasibility 
[73], but scaling, programmability, connectivity, equilibration 
time, control, readout, accuracy, and task-level benchmarking 
remain open. Their evaluation should distinguish the energy 
of passive relaxation from the energy required to establish, 
maintain, and interrogate the physical energy landscape.

The framework as a technology-assessment tool

An energy-effi ciency claim should be accompanied by four 
explicit statements:

[leftmargin=2.2em,itemsep=0.3em]

1. the level, component, or physical process whose energy 
is expected to decrease;

2. the system boundary, workload, operating conditions, 
and comparison baseline;

3. the epistemic status of the reported quantity—a rigorous 
lower bound, analytical model, numerical estimate, 
laboratory measurement, or full-stack operational 
measurement; and

4. the costs that are shifted to other levels, components, or 
accounting boundaries.

This reporting discThe framework prevents three recurrent 
errors: treating as a universal cost per operation, summing 
lower bounds that constrain different physical quantities, and 
comparing an effi cient core with a full-stack conventional 
system.

It also makes the hierarchy directly useful to AI researchers. 
Rather than functioning as a purported decomposition of every 
joule consumed by an AI system, the framework becomes a 
checklist for experimental design, reporting, benchmarking, 
and hardware–algorithm co-design.

The central conclusion of the synthesis is therefore 
methodological: fundamental bounds, physical 
implementations, computer architectures, and facilities 
must be connected through explicit system boundaries 
and measurable quantities. Only then can thermodynamic 
reasoning provide a reliable basis for assessing the energetic 
limits and opportunities of neural computation.

Conclusions and outlook

Landauer’s principle remain s the correct starting point 
for the thermodynamics of logically irreversible information 
processing. Its use in AI energy analysis, however, requires a 
distinction that is often lost: the cost associated with erasing 
one unbiased bit under specifi ed assumptions is not a universal 
price attached to every FLOP, MAC, instruction, activation, or 
transistor transition.

This review developed a hierarchy that preserves 
that distinction. Levels 0–4 describe process-specifi c 
thermodynamic terms: logical entropy reduction, fi nite-time 
constraints, quantum and strong-coupling structure, control 

costs, and mismatch. Level 5 describes realized architecture, 
including arithmetic, memory, communication, conversion, 
and datafl ow. Level 6 extends the boundary to facility 
power and heat rejection. The levels do not form a universal 
additive decomposition. Compatible lower bounds combine 
through a maximum, while empirical overheads require direct 
measurement or an explicit accounting model.

The principal practical conclusion is that present AI 
systems are governed primarily by architectural and systems 
variables. Precision, active parameters, sequence length, 
batching, utilization, memory traffi c, network topology, and 
idle-capacity allocation strongly affect joules per token and 
watt-hours per prompt. Published full-stack studies place 
representative text-prompt energy in the sub-watt-hour 
range, but also demonstrate that no single query-energy 
number is universal [4,6].

Fundamental thermodynamic results remain strategically 
important because they identify which reductions are possible 
in principle and which trade energy against time, error, 
control, or information retention. Their near-term value is 
greatest when coupled to experiments on actual devices, not 
when assigned speculative numerical coeffi cients in a workload 
budget.

For AI researchers, the hierarchy provides a concrete 
reporting standard: defi ne the physical and computational 
boundary, distinguish measurement from estimation, state the 
arithmetic convention, expose uncertainty, and label Landauer 
normalization as a reference ratio unless logical entropy 
reduction has been audited. For hardware research, it provides 
a common language for comparing neuromorphic, in-memory, 
photonic, reversible, and thermodynamic approaches without 
omitting conversion or control costs.

The central open challenge is to connect these levels 
quantitatively without confl ating them. Achieving that goal will 
require calibrated stochastic device models, workload-specifi c 
entropy audits, empirical measurement of physical optimization 
priors, and reproducible full-stack energy benchmarks. Such 
a programme would turn the thermodynamics of AI from 
an order-of-magnitude analogy into a falsifi able science of 
computational energy.

Appendix

Operational accounting and Landauer reference scales

 This appendix presents calculations that can be reproduced 
from stated quantities. Its purpose is to keep three conceptually 
distinct objects separate:

[leftmargin=2.2em,itemsep=0.25em]

1. a process-specifi c thermodynamic lower bound; 

2. a Landauer-normalized reference ratio; and 

3. an operational energy estimate or measurement. 
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The one-bit reference scale

At temperature T , 

( ) = ln 2.Bbit,LE T k T             (73 )

Using 
= 1.380649 23Bk e 

 and = 300T  gives 

(300) 2.87 21.bit,LE e                (74)

For a process that erases bits, the lower bound is 

erasebit,LE H . No operation-count conversion is made unless 

has been established.

Peak accelerator arithmetic

For an accelerator with power  accP  and stated peak 

throughput FLOP , 

peak acc
FLOP

FLOP

= .Pe


                (75)

Using an illustrative H100 specifi cation of 
= 700accP

 and 

15= 1.98 10FLOP   dense FP8 FLOP/s gives 

peak 3.54 13 = 0.354.FLOPe e                (76)

With two FLOPs per fused multiply–add, the corresponding 
peak MAC ratio is approximately. 

peak 0.708.MACe                (77)

These values assume peak throughput. An effective 
workload value should be computed from measured energy and 
useful operations: 

( )deff acc= .FLOP useful
FLOP

P t t
e

N


               (78)

For reference only, 

peak
peak 8FLOP= 1.2 10 ( = 300).L,FLOP ln 2B

e
R T

k T
             (79)

This number is not a claim that one FLOP erases bits or that 

its realizable minimum is B ln 2k T .

Query-level measurement

A measured query energy should be reported wi th its 
workload distribution. For the median production prompt 
reported by Elsworth et al., 

median 0.24 = 864.queryE                 (80)

Its Landauer-normalized reference ratio at 300 is 

864 23= 3.0 10 .L,query 2.87 21
R

e
 


             (81)

Again, this is only a reference ratio. It is not an estimate of 
the number of logical bit erasures in the prompt.

Oviedo et al. report a distribution of model-based full-stack 
estimates rather than one universal value [6]. When comparing 
with such work, the manuscript should quote the median and 
uncertainty interval and should not describe the estimate as a 
direct measurement.

Parameterized model-based estimate

For a specifi ed serving confi guratio n, a reproducible 
estimate can be organized as 

eff
accelerator FLOP FLOP= ,E N e              (82)

= ,memoryIT accelerator host network idleE E E E E E     
       
                 (83)

= .ITfacility facE m E                (84)

The following inputs are mandatory:Table 1.

A value should be derived from this confi guration. 
Parameter count alone does not establish the number of MACs 
performed per token; the operation count must be derived 
from the specifi ed architecture, active parameters, sequence 
lengths, and serving confi guration.

Uncertainty and comparison

Let denote the vector of assumptions in tab:app -required-
inputs. A model-based result should be reported as 

= ( ), ,queryE f                   (85)

with a sensitivity analysis over a plausible set . Agreement 
within a factor of several can support an order-of-magnitude 
comparison, but it does not validate a unique thermodynamic 
decomposition.

The numerical values associated with Levels 1–4 are 

Table  1: Minimum information for a model-based inference-energy estimate.

  Quantity  Required specifi cation 

 Model  architecture, total and active parameters, precision 

Sequence  input length, output length, attention implementation 

Serving  batch size, decoding strategy, cache reuse, utilization 

Operations  FLOP/MAC convention and derivation of active operations 

Hardware  accelerator type, count, power or measured energy 

Full stack  host, memory, network, idle-capacity allocation 

Facility  measured or assumed multiplier/PUE and time period 

Statistic  mean, median, percentile, or scenario 
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intentionally omitted from this appendix. They require device-
specifi c stochastic models, control boundaries, or physical 
priors that are not available for the LLM serving scenario. 
Assigning order-one coeffi cients would create precision 
without identifi ability.
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